Abstract. For a locally convex * -algebra A equipped with a fixed continuous * -character ε (which is roughly speaking a generalized F * -algebra), we define a cohomological property, called property (F H), which is similar to character amenability. Let Cc(G) be the space of continuous functions on a second countable locally compact group G with compact supports, equipped with the convolution * -algebra structure and a certain inductive topology. We show that (Cc(G), ε G ) has property (F H) if and only if G has property (T ). On the other hand, many Banach algebras equipped with canonical characters have property (F H) (e.g., those defined by a nice locally compact quantum group). Furthermore, through our studies on both property (F H) and character amenablility, we obtain characterizations of property (T ), amenability and compactness of G in terms of the vanishing of one-sided cohomology of certain topological algebras, as well as in terms of fixed point properties. These three sets of characterizations can be regarded as analogues of one another. Moreover, we show that G is compact if and only if the normed algebra
Introduction
The notion of property (T ) for locally compact groups was first introduced by Kazhdan in the 1960s (see [15] ) and was proved to be very useful. A locally compact group G is said to have property (T ) when every continuous unitary representation of G having almost invariant unit vectors actually has a non-zero invariant vector (see [3, §1.1] ). Property (T ) has many equivalent formulations (see e.g. [3] ). In the case when the group is σ-compact, one equivalent form is given by the DelormeGuichardet theorem (see [3, Theorem 2.12.4 
]):
a σ-compact locally compact group G has property (T ) if and only if it has property (F H), where property (F H) can be viewed as the vanishing of the first cohomology H 1 (G, π) for any continuous unitary representation π of G.
In [17] , Kyed obtained a Delorme-Guichardet type theorem for a separable discrete quantum group G as follows: if (Pol( G), ∆, S, ε) is the canonical Hopf * -algebra associated with the dual compact quantum group G, then the vanishing of a certain cohomology of (Pol( G), ε), with coefficients in * -representations of Pol( G), is equivalent to the property (T ) of G (as introduced by Fima in [10] ).
One may regard (Pol( G), ε) as a "non-commutative pointed space", in the sense that it is a locally convex * -algebra (in this case, the topology is the discrete one) equipped with a continuous * -character. Motivated by this result of Kyed, we study certain cohomological properties for a general "non-commutative pointed space" (A, ε) and partially generalize Kyed's result to the case of locally compact groups.
Note that there is a related notion of property (T ) for operator algebras (see e.g. [6] as well as [2] , [5] , [21] , [22] and [24] ). It was shown in [2] that a discrete group has property (T ) if and only if its reduced group C * -algebra has property (T ). This gives a characterization of property (T ) of a discrete group in terms of a certain C * -algebra associated with it. In the case of a general locally compact group, if it has property (T ), then its reduced group C * -algebra also has property (T ) (see [24] ). However, the converse of this seems to be open.
On the other hand, our quest for a partial generalization of Kyed's result leads to a characterization of property (T ) of a second countable locally compact group G in terms of what we called "property (F H)" of the locally convex * -algebra C c (G) (under a certain inductive limit topology T), together with the canonical * -character ε G . Notice that property (F H) can also be regarded as an analogue of character amenability for topological * -algebras. We will also give some studies on both property (F H) and character amenability. In particular, we investigate their relations with one-sided cohomology as well as with fixed point property.
The following theorem collects some of the results of this paper. Note that the equivalence of Statements (T1) and (T4) as well as that of Statements (A1) and (A2) are well-known. We list them here for comparison with the other results in this paper. Note also that the equivalence of Statements (C1) and (C4) is implicitly established in the proof of Corollary 5.2 (and is not explicitly stated in the main contents of the paper). Theorem 1.1. Suppose that G is a second countable locally compact group and ε G : C c (G) → C is the integration. We also show that the amenability of G is equivalent to the following statement. (A3'). All the first left Hochschild cohomology of the Banach algebra
with coefficients in "dual Banach left G-modules" vanish.
On the other hand, by [18, Theorem 4.10] , G is amenable if and only if there exists a bounded approximate identity in the Banach algebra L 1 0 (G). As an analogue of this fact, we show that the compactness of G is equivalent to the following two statements concerning the algebra
) has a bounded approximate identity with the supports of all its elements being contained in a common compact set.
Notations
Throughout this paper, all vector spaces, unless specified otherwise, are over the complex field (but most of the results have their counterparts in the field of real numbers). All topologies are Hausdorff, and all integrations, unless stated otherwise, are the Bochner integrations with respects to the norm topologies on the range spaces.
If S is a subset of a topological space Y , then we denote by S the closure of S in Y . For Banach spaces E and F , we denote by L(E; F ) the set of all bounded linear operators from E to F , and L(E) := L(E; E).
By a locally convex algebra, we mean an algebra A equipped with a locally convex Hausdorff topology τ such that the multiplication is separately continuous. We will denote this locally convex algebra by A τ . If, in addition, there is a continuous involution on A, then A τ is called a locally convex * -algebra. Examples of locally convex * -algebras include all Banach * -algebras and the measure algebra for a locally compact group equipped with the weak * -topology (when it is considered as the dual space of the space of continuous functions on the group that vanishes at infinity). In the case when A is a Banach * -algebra with τ being the norm-topology, we may write A instead of A τ .
Suppose that Φ is either a homomorphism or anti-homomorphism from A to the algebra L(Z) of linear maps on a vector space Z. For any subspace X ⊂ A and Y ⊂ Z, we set Φ(X)Y to be the linear span of {Φ(a)y : a ∈ X; y ∈ Y }. Moreover, when Z = A, we denote X · Y := m(X)Y and X 2 := m(X)X, where m : A → L(A) is the homomorphism given by multiplication.
A subset S ⊆ A is said to be τ -bounded if for any τ -neighborhood V of zero, there
Moreover, {a i } i∈I is called an τ -approximate identity if it is both a left and a right τ -approximate identity. A representation (respectively, an anti-representation) Ψ :
A character (respectively, * -character ) on A is a non-zero multiplicative linear (respectively, * -linear) functional ω : A → C. A map from A to a Banach space F is said to be τ -continuous if it is continuous with respective to the norm-topology on F .
Furthermore, throughout this paper, G is a locally compact group, ∆ : G → R + is the modular function and λ G is a fixed left Haar measure on G. All integrations of maps on G are with respect to λ G (although they are all written as dt instead of dλ G (t)). As usual, we use the convention that λ G (G) = 1 when G is compact.
For a topological space (X, P), an action α of G on X is said to be P-continuous if α t : X → X is P-P-continuous for each t ∈ G and the map t → α t (x) is Pcontinuous for any x ∈ X. A representation (or anti-representation) µ : G → L(E) is said to be norm-continuous if the corresponding action on E is norm-continuous.
We denote by K(G) the collection of non-empty compact subsets of G. For any function f : G → C, we define supp f := {t ∈ G : f (t) = 0}, and set
Also, L 1 (G) is the Banach * -algebra of (equivalence classes) of all λ G -integrable complex functions, equipped with the L 1 -norm · L 1 (G) as well as the convolution and the canonical involution:
The convolution also gives a * -representation of L 1 (G) on the Hilbert space L 2 (G) of square integrable functions, known as the "left regular representation". The predual of the von Neumann subalgebra, L(G), of L(L 2 (G)) generated by the image of the left regular representation will be denoted by A(G). Recall that A(G) is the dense * -subalgebra of the commutative C * -algebra C 0 (G) consisting of coefficient functions of the left regular representation. This * -algebra structure on A(G) turns it into a Banach * -algebra under the predual norm, known as the Fourier algebra of G (see [9] for more details).
Let U be an open neighborhood base of the identity e ∈ G with each element being symmetric and having compact closure. For each U ∈ U, we set
and fix a positive symmetric function h U with supp h U ⊆ U and G h U (t) dt = 1. It is well-known that {h V } V ∈U is a norm-bounded approximate identity for L 1 (G). In fact, one has a slightly stronger property as stated in Lemma A.1.
In this section, we want to see when certain derivations of C c (G) come from continuous 1-cocycles of G. This is related to the following analytic properties of the derivation.
Definition 3.1. For a Banach space E, a linear map θ : C c (G) → E is said to be:
Let µ : G → L(E) be a norm-continuous representation (respectively, antirepresentation) on a non-zero Banach space E. We denote byμ :
andμ is non-degenerate. Moreover,μ is locally bounded. In fact, given K ∈ K(G), since the set { µ t (x) : t ∈ K} is bounded for any x ∈ E, the uniform boundedness principle produces κ K > 0 with
The same is true for anti-representation.
Conversely, it can be shown that any locally bounded non-degenerate representation (respectively, anti-representation) of C c (G) comes from a unique normcontinuous representation (respectively, anti-representation) of G as above (see Lemma A.2).
In the following, µ : G → L(E) is a norm-continuous anti-representation. We denote by π : G → L(E * ) the representation induced by µ. We also set Φ :=μ andΦ(f ) :
It is easy to see thatΦ is a locally bounded representation. By considering the approximate identity {h V } V ∈U , the representation of C c (G) on the norm-closure ofΦ(C c (G))E * induced byΦ is nondegenerate. On the other hand, when E is reflexive,Φ is always non-degenerate, and hence π is norm-continuous (by Lemma A.2).
and it is called a 1-coboundary for π if there is ϕ ∈ E * such that c(t) = π(t)(ϕ) − ϕ (t ∈ G). A 1-cocycle is said to be norm-continuous (respectively, weak * -continuous) if it is continuous when E * is equipped with the norm-topology (respectively, the weak * -topology).
The following is the key lemma for the many results in this article, which gives a bijective correspondence between certain 1-cocycles and certain "derivations".
Lemma 3.2. Let µ, π, Φ andΦ be as in the above. Consider a weak * -continuous 1-cocycle c : G → E * for π and a locally bounded linear map θ :
is locally bounded and satisfies (3.2). If, in addition, c is norm-continuous, then I(c) is continuously locally bounded.
(b) There is a weak
1 -bounded if and only if {D(θ)(t) : t ∈ G} is a bounded subset of E * .
Proof: (a) Notice that if K is a non-empty compact subset of G and x ∈ E, then the set {c(t)(x) : t ∈ K} is bounded, and the uniform boundedness principle tells us that κ
, and I(c) is locally bounded. Moreover, Equality (3.1) gives
which means that I(c) satisfies Relation (3.2). Now, suppose that c is norm-continuous. Since c(e) = 0, for any ǫ > 0, one can find U ∈ U such that κ c K ≤ ǫ whenever K ⊆ U , and I(c) is continuously locally bounded. (b) Fix f ∈ C c (G), s ∈ G and U ∈ U. Let W be an open neighborhood of s with compact closure and set L := (supp f ) · W · U . Consider the net {h V } V ∈U(U) as in Section 2. Then both ρ r −1 (f ) and
when r ∈ W and V ∈ U(U ). The local boundedness of θ means that one can find
which converges uniformly in the varaible r ∈ W to
, because of (3.5) and Lemma A.1. Moreover, one has θ λ r (h V ) E * ≤ κ whenever r ∈ W and V ∈ U(U ). Hence, the norm density of Φ(C c (G))E in E will imply that for each x ∈ E, the net θ(λ r (h V ))(x) V ∈U(U) is uniformly Cauchy for all r ∈ W .
Consequently, for r ∈ W , we may define a linear map
In particular,
Since D(θ)(r) ≤ κ (because of (3.6)), one knows that D(θ)(r) ∈ E * , and that D(θ)(r) does not depend on the choices of U , {h V } V ∈U(U) nor W (so long as W contains r).
Furthermore, as the function
In order to verify θ = I(D(θ)), we observe from (3.2) and (3.7) that if g ∈ C c (G),
for any f ∈ C c (G) and x ∈ E (the second equality above follows from the L 1 -boundedness of θ| CK f ·Kg (G) where K f := supp f and K g := supp g; notice that supp f (r)λ r (g) ⊆ K f · K g , for any r ∈ K f ). Again, the non-degeneracy of Φ gives the required equality.
Finally, suppose that θ is continuously locally bounded and consider {κ K } K∈K(G) to be the family as in Definition 3.1(b). Let {s j } j∈J be a net in G that converges to e. For any ǫ > 0, let U ǫ be as in Definition 3.1(b) (2) . Pick any V ǫ ∈ U with V ǫ · V ǫ ⊆ U ǫ . There exists j 0 ∈ J such that s j ∈ V ǫ whenever j ≥ j 0 . In the argument above, if we put s = e and set the neighborhoods U and W to be V ǫ , then for any V ∈ U(U ) and j ≥ j 0 , one has supp λ sj (h V ) ⊆ U ǫ , which implies θ(λ sj (h V )) < ǫ. Thus, Relation (3.6) tells us that D(θ)(s j ) ≤ ǫ and
(c) For any r ∈ G, f ∈ C c (G) and x ∈ E, one has, by Equalities (3.7) and (3.1),
As Φ is non-degenerate, we know that D(I(c))(r) = c(r).
. The converse follows directly from (3.3) and the equality θ = I(D(θ)).
Suppose that H is a Hilbert space and π : G → L(H) is a norm-continuous unitary representation. Then π is induced by a norm-continuous anti-representation
It is well-known that a weakly measurable 1-cocycle for π is automatically continuous when H is separable (see e.g. [3, 2.14.3]). Moreover, every bounded 1-cocycle for π is a 1-coboundary as E * is a Hilbert space (see [3, Proposition 2.2.9]). These, together with Lemma 3.2 and the Delorme-Guichardet theorem, produce the following result. Theorem 3.3. (a) If G has property (T ) (respectively, and is second countable), then for any norm-continuous unitary representation π of G on a Hilbert space H, any continuously locally bounded map (respectively, any locally bounded map)
(b) If G is σ-compact such that for any norm-continuous unitary representation π of G on a Hilbert space H, every continuously locally bounded map θ :
In particular, when G is second countable, G has property (T ) if and only if for any norm-continuous unitary representation π of G on a Hilbert space H, every locally bounded map θ :
One may restate this statement in terms of a certain cohomology theory for locally convex * -algebras with fixed * -characters, as introduced in the following section.
Property (F H) and character amenability
In this section, we will introduce and study some cohomological properties for locally convex * -algebras. In particular, we will establish their relations with character amenability (for topological algebras) as well as with property (T ) (for locally compact groups).
Throughout this section, B σ is a locally convex algebra, A τ is a locally convex * -algebra, ω : B → C is a σ-continuous character and ε : A → C is a τ -continuous * -character.
For a non-zero Banach space E and an anti-representation Φ : B → L(E), we denote byΦ : B → L(E * ) the homomorphism induced by Φ. Observe that if Φ is σ-continuous, thenΦ is also σ-continuous (since Φ (b) ≤ Φ(b) ).
Let us first extend the definition of character amenability, as studied in [14] and [23] , to the setting of locally convex algebras as follows.
and it is called a 1-coboundary (or is said to be inner) if there is T ∈ L(F ; E) with
In part (c) above, we consider E * as a left B-module through the representation of B on E * induced by Φ. Similarly, we regard H as a left A-module in Definition 4.2(b) below, concerning a weaker cohomological property for locally convex * -algebras.
Definition 4.2. (a) We say that
Remark 4.3. It is well-known that character amenability and property (F H) can be expressed in terms of the vanishing of a certain first Hochschild cohomology. In the same way, properties (CH) and (CB) can be expressed in terms of the vanishing of the first "left Hochschild cohomology".
More precisely, suppose that F is a Banach space and Ψ : B → L(F ) is a σ-continuous representation. One may consider the space C n (B; F ) of separately continuous n-linear maps from the n-times product of B to F and define ∂ n :
The vector space H n (B; Ψ) := ker ∂ n /Im ∂ n−1 is called the n-th left Hochschild cohomology with coefficients in Ψ. Obviously, B σ has property (CB) if and only if
Similarly, A τ has property (CH) if and only if H 1 (A; Φ) = (0) for any τ -continuous
One may wonder whether it is possible to consider only non-degenerate antirepresentations in the study of ω-amenability. The following lemma tells us that this can be done when B has a bounded approximate identity.
Lemma 4.4. Suppose that B has a σ-bounded σ-approximate identity {e i } i∈I . Then B σ is ω-amenable if and only if for every σ-continuous non-degenerate anti-
Proof: It suffices to show that the condition concerning non-degenerate antirepresentations implies the ω-amenability of B σ . Suppose that Φ : B → L(E) is a σ-continuous anti-representation and θ : B → E * is a σ-continuous (Φ, ω)-derivation. In the following, we consider a, x and ϕ to be arbitrary elements in B, E and E * , respectively. First of all, we set F to be the closure of Φ(B)E. Clearly, F is Φ-invariant. As {e i } i∈I is a σ-approximate identity, we know that Φ(B)E is a subset of the closure of Φ(B)F , which implies that the induced anti-representation Ψ : B → L(F ) is non-degenerate. Now, consider P : E * → F * to be the canonical map given by restrictions.
Observe thať
From this, one can check easily that P • θ is a (Ψ, ω)-derivation, and the hypothesis produces ψ 0 ∈ F * satisfying
Obviously, ω(e i ) → 1 (as there exists b ∈ B with ω(b) = 0). Moreover, since {e i } i∈I is τ -bounded and both θ and Φ are τ -continuous, by considering a subnet if necessary, we may assume that {θ(e i )} i∈I weak * -converges to an element χ 0 ∈ E * and {Φ(e i )} i∈I weak
and
Furthermore, if we consider E ⊆ E * * in the canonical way, then
where
⊥ ⊆ E * * and there is a net {u j } j∈J in F such that
Now, consider any two elements ψ
By (4.6), (4.3) and (4.5),
On the other hand, for each u ∈ F , one has
and χ 0 (u) = 0 because of (4.4). This shows that T 0 (ψ
Consequently, if we fix any extension ψ ′ 0 ∈ E * of ψ 0 and set
We have an analogue of the above in the case of property (F H) as stated in part (b) of the following lemma. Proof: (a) We only need to establish the sufficiency. Let Φ be a τ -continuous * -representation of A on a Hilbert space H (which may be inseparable) and θ be a τ -continuous (Φ, ε)-derivation. The closure, H θ , of θ(A) is a separable Φ-invariant subspace of H (as θ satisfies (4.1)), and we let Φ θ : A → L(H θ ) be the induced τ -continuous * -representation. Obviously, if θ is inner as a (Φ θ , ε)-derivation, then it is inner as a (Φ, ε)-derivation, and part (a) is established.
(b) It suffices to show that the condition concerning non-degenerate * -representation implies property (F H). In fact, suppose that Φ : A → L(H) is a τ -continuous * -representation and θ is a τ -continuous (Φ, ε)-derivation. We set H Φ to be the closure of Φ(A)H. Clearly, H Φ is Φ-invariant. By considering {e i } i∈I , we know that Φ(A)H is a subset of the closure of Φ(A)H Φ , and hence the induced * -representation Φ 0 : A → L(H Φ ) is non-degenerate. If P : H → H Φ is the orthogonal projection, then P • θ is a (Φ 0 , ε)-derivation and hence there is ξ 0 ∈ H Φ satisfying
On the other hand, there is a subnet of (1 − P )(θ(e i )) that weakly converges to some ξ 1 ∈ (1 − P )(H). Since Φ(A)(1 − P )(H) = {0} and
it is easy to check that θ(a) = ε(a)(ξ 0 + ξ 1 ) − Φ(a)(ξ 0 + ξ 1 ) (a ∈ A).
It follows from Lemma
, then ϕ 1 = ϕ 2 (and hence θ is inner). (b) If B has a σ-bounded right σ-approximate identity {b j } j∈J , then B σ has property (CB).
Proof: (a) Equality (4.1) tells us that for any a, b ∈ B, one has
and henceΦ(a)(ϕ 1 ) =Φ(a)(ϕ 2 ) (as ω is non-zero). Since Φ is non-degenerate, we conclude that ϕ 1 = ϕ 2 . (b) Suppose that Φ : B → L(E) is a σ-continuous anti-representation of B and Ξ : B → E * is a σ-continuous left B-module map. As {Ξ(b j )} j∈J is norm-bounded, one can find a subnet {b ji } i∈I such that Ξ(b ji ) → ϕ 0 ∈ E * under the weak * -topology. For any a ∈ B, the net {Ξ(ab ji )} i∈I will weak * -converge to both Ξ(a) andΦ(a)(ϕ 0 ). This gives the required conclusion.
In the following, we setB := B ⊕ C to be the unitalization of B (whether or not B is unital) and considerσ to be the direct sum topology onB. For any σ-continuous anti-representation Φ : B → L(E), we denote byΦ :B → L(E) the unitalσ-continuous anti-representation extending Φ. Proof: (a) Let Φ : B → L(E) be a σ-continuous non-degenerate anti-representation and θ : B → E * be a σ-continuous (Φ, ω)-derivation. Set Ψ := Φ| B ω : B ω → L(E) and Ξ := θ| B ω . Then Ξ is a left B-module map and the hypothesis produces f 0 ∈ E * such that Ξ(x) =Ψ(x)(f 0 ) (x ∈ B ω ). Pick any u ∈ B with ω(u) = 1. For any x ∈ B ω and λ ∈ C, one has
and Lemma 4.7(a) implies that θ is inner. Now, Lemma 4.4 gives the conclusion.
(b) As B is unital, we have B σ = B ωσ . Let Ψ : B ω → L(E) be a σ-continuous anti-representation and Ξ : B ω → E * be a σ-continuous left B ω -module map. Then Φ :=Ψ is a unital σ-continuous anti-representation of B on E. If θ : B → E * is defined by θ(x + α1) := Ξ(x) (x ∈ B ω ; α ∈ C), then θ is σ-continuous and
for any x, y ∈ B ω and α, β ∈ C. This implies that θ is a (Φ, ω)-derivation. The hypothesis gives f 0 ∈ E * such that Ξ(x) = θ(x) =Ψ(x)(f 0 ) (x ∈ B ω ) and the first conclusion is established.
To show the second conclusion, we assume on the contrary that I := (B ω ) 2 σ B ω . Let B 0 := B/I and σ 0 be the quotient topology on B 0 . Denote by q 0 : B → B 0 the quotient map. Consider any non-zero Banach space E, and define a σ-continuous anti-representation Ψ : B → L(E) by Ψ(a)x := ω(a)x (a ∈ B; x ∈ E). Since I B ω and B = B ω ⊕ C1, we know that the dimension of B 0 is strictly greater than one. Thus, there is a non-zero σ 0 -continuous linear map θ : B 0 → E * satisfying θ(q 0 (1)) = 0. Furthermore, for any a, b ∈ B, there exist unique elements x, y ∈ B ω with a = x + ω(a)1 and b = y + ω(b)1. As q 0 (xy) = 0, we see that
which means that θ • q 0 is a (Ψ, ω)-derivation. However, θ • q 0 is not inner (as the only inner (Ψ, ω)-derivation is zero), and we have a contradiction.
(c) (1) ⇔ (2). This equivalence follows from Lemma 4.4 (notice thatB is unital) and the following general facts. Any non-degenerateσ-continuous anti-representation ofB is of the formΦ for a σ-continuous anti-representation Φ of B. Moreover, for any σ-continuous anti-representations Φ and Ψ of B, the assignment θ →θ, wherẽ θ((a, λ)) := θ(a), is a bijection from the set of σ-continuous 1-cocycles for (Φ, Ψ) to the set ofσ-continuous 1
-cocycles for (Φ,Ψ) and every σ-continuous (Φ, Ψ)-derivation is inner if and only if everyσ-continuous (Φ,Ψ)-derivation is inner. (2) ⇔ (3). This follows from parts (a) and (b).
If B is a C * -algebra and ω is a * -character, then part (c) above and Lemma 4.7(b) (it is well-known that every C * -algebra has a contractive approximate identity) tells us that B is ω-amenable. Corollary 4.9. If ker ω has a σ-bounded σ-approximate identity, then B σ is ω-amenable.
Let us recall that a Banach algebra D is a F -algebra (or a Lau algebra) if there exists a von Neumann algebra structure on the dual space D * such that the identity ϕ ∈ D * (with respect to the von Neumann algebra structure) is a character on D (see [18] ). In this case, D is said to be left amenable if it is ϕ-amenable in the sense of Definition 4.1 (see [18, p.167] ). If, in addition, D is a Banach * -algebra and ϕ is a * -homomorphism, then we call D a F * -algebra.
In the following, we denote byL 1 (G) the unitalization of the Banach * -algebra .2) (c) The following statements are equivalent.
(1) (A τ , ω) has property (F H).
(2) (Ãτ ,ω) has property (F H).
(3)Ãε τ has property (CH).
Example 4.12. Let (A τ , ε) and (B σ , ω) be as in the beginning of this section such that A is commutative. Let E be a non-zero Banach space.
(a) Suppose that E has an anti-linear isometry * satisfying (x * ) * = x (x ∈ E). We may equip E with the zero product, turning it into a commutative Banach algebra. If ε 0 :Ẽ → C is the unital * -homomorphism that vanishes on E, then Lemma 4.11(b) tells us that (Ẽ, ε 0 ) does not have property (F H).
* -representation with ker ν ker ε, and θ is a (ν, ε)-derivation. Fix any element x ∈ ker ν with ε(x) = 1. Since A is commutative, one has θ(ax) = θ(xa) and θ(a) = θ(x)ε(a) − ν(a)θ(x). Thus, θ is inner.
In fact, choose any u ∈ B with ω(u) = 1.
On the other hand, as θ(u 2 ) = 2θ(u), we conclude that θ(u) = 0. Thus, θ = 0 (because B = B ω + Cu).
(d) Let Φ ω be as in part (c). If there exists p ∈ B satisfying p 2 = p, ω(p) = 1 and pa = ω(a)p = ap (a ∈ B), then every (Φ ω , ω)-derivation θ is zero.
In fact, the equality θ(p) = θ(p 2 ) = 2θ(p) tells us that θ(p) = 0. Moreover, for any a ∈ B, if we set a 0 := a − ω(a)p ∈ B ω , then the relation θ((
Thus, for any c ∈ B ω , we have θ(c) = θ(c + p) = 0 (as ω(c + p) = 1) and we conclude that θ ≡ 0.
In particular, if G is a compact group, then the only (Φ εG , ε G )-derivation on C c (G) is zero (see the argument of Theorem 5.3 in Section 5 below).
(e) If the commutative algebra A satisfies both (A ε ) 2 τ = A ε and the following "Tlike condition":
In fact, let Φ : A → L(H) be a τ -continuous * -representation and H Φ,ε := {ξ ∈ H : Φ(a)ξ = ε(a)ξ, for any a ∈ A}.
is the * -representation induced by Φ, then one has ker ν ker ε because of the property displayed above. The conclusion now follows from parts (b) and (c).
Observe that this T -like condition is not a necessity for property (F H), e.g., if G is a locally compact group and δ e ∈ C 0 (G) * is the evaluation at the identity e ∈ G, then (C 0 (G), δ e ) has property (F H) (by Corollary 4.9). However, when G is abelian, the above T -like condition will imply that G is discrete.
(f ) If A is a commutative F * -algebra, τ is the norm topology and ε is the identity of a von Neumann algebra structure on A * , then Example (1) in [18, p.168] tells us that A is ε-amenable. In particular, (A τ , ε) has property (F H). (g) By part (f ), we know that (A(G), δ e ) has property (F H), where δ e is the evaluation at the identity e ∈ G. This shows that the assumption in Corollary 4.9 is not an absolute necessity since the existence of a bounded approximate identity in A(G) δe is equivalent to G being amenable (see [18, Theorem 4.10] ).
One may generalize Example 4.12(g) to the case of amenable locally compact quantum groups. The definition, notations and properties of a locally compact quantum group G can be found in, e.g., [13] , [16] and [27] . Since the dual space of the Banach algebra L 1 (G) is the von Neumann algebra L ∞ (G) and the identity of
has an "invariant mean" (the readers may consult, e.g., [4] for the precise meaning of invariant mean and the properties of amenable quantum groups). Thus, by [18, Theorem 4 .1], L 1 (G) is left amenable when G is amenable. Moreover, G is said to be of Kac type if its antipode is bounded and its modular element is affiliated with the center of L ∞ (G). In this case, the bounded antipode turns L 1 (G) into a (b) Suppose that G is discrete and separable. Then G has property (T ) if and only if the * -algebra
when equipped with the discrete topology, has property (CH).
Observe, however, that the amenability assumption in part (a) above is not an absolute necessity (see e.g. Theorem 4.15(a) below). Now, we go back to the consideration of the locally compact group G. Obviously, C c (G) is the vector space inductive limit of the system {C K (G)} K∈K(G) , and we consider T to be the locally convex inductive topology on C c (G), when all C K (G) are equipped with the L 1 -norms (see e.g. [26, §II.6]). Observe that T is strictly finer than the L 1 -norm on C c (G) and a linear map from C c (G) to a Banach space is T-continuous if and only if it is locally bounded. Moreover, for a fixed f ∈ C c (G), the maps g → f * g, g → g * f and g → g * are T-T-continuous. Hence, C c (G) T is a locally convex * -algebra.
Lemma 4.14. Let B ⊆ C c (G) be a subalgebra and K ⊆ G be a compact subset.
, then {h i } i∈I is a T-bounded T-approximate identity in B.
Proof: Consider any f ∈ B and set L :
Thus, {h i } i∈I is T-bounded. Moreover, as h i * f − f ∈ C L (G) for any i ∈ I, we know that h i * f −f ∈ V when i is large enough, and {h i } i∈I is a left T-approximate identity. In a similar fashion, one can show that {h i } i∈I is a right T-approximate identity.
Consequently, if U is a fixed element in U, then the net {h V } V ∈U(U) as in Section 2 is a T-bounded T-approximate identity of C c (G).
As in the above, we denote byC c (G) the unitalization of C c (G). Note that the idealsC c (G)ε 1) and (1.4) , respectively.
(b) In the case when G is second countable, the following statements are equivalent.
(1) G has property (T ). 
thenθ is a (Φ,ε G )-derivation. Set Ψ :=Φ|Ãε G and Ξ :=θ|Ãε G . Then Ξ is ã T-continuousÃε G -module map, and one obtains ξ 0 ∈ H satisfying the relation in Statement (4) . By the argument of Proposition 4.8(a), we see thatθ is inner and so θ is inner. Now, the conclusion follows from Lemma 4.5(b).
(c) This is consequence of part (b) and Lemma 4.11(a).
Part (a) above tells us that the cohomology characterization for property (T ) as in part (b) cannot be done at the group Banach algebra level (and hence neither at the full group C * -algebra level; see also the paragraph following Proposition 4.8).
We do not know whether G having property (T ) will imply C 0 c (G) T has property (CH). Note that the corresponding equivalence in Theorem 4.10 depends on [18, Theorem 4.10] , which ensures the existence of a bounded approximate identity. However, the corresponding fact is not true for property (F H). In fact, if G is a second countable locally compact group, then the existence of a T-bounded T-approximate identity in C 0 c (G) will imply that C c (G) T is ε G -amenable (see Corollary 4.9) and hence G is compact, because of Theorem 5.3(b) in the next section.
5. An application to fixed point property for affine actions
In this section, we will use the ideas and arguments in the previous sections to obtain some fixed point results. Let us first set some notations.
Suppose that X is a (complex) vector space. Recall that a map S : X → X is affine-linear if there exist a (complex) linear map S l : X → X as well as an element
is also affine-linear. On the other hand, for a convex subset C of a vector space, a map Λ : C → C is said to be affine if Λ tx
We recall Day's fixed point theorem as follows (see [7] , [8] and [12, p.49 
]):
G is amenable if and only if any continuous affine action of G on a non-empty compact convex subset K of a locally convex space has a fixed point.
The following proposition can be regarded as is a variant of Day's fixed point theorem of amenable groups concerning affine-linear actions on a dual Banach space E * rather than affine actions on weak * -compact convex subsets sets of E * . It should be noted that "affine actions" in this result cannot be replaced by "linear actions" since any linear action always has a common fixed point, namely "0". Proposition 5.1. G is amenable if and only if any weak * -continuous affine-linear action α of G on any dual Banach space E * with one norm-bounded orbit (and equivalently, with all orbits being bounded) has a fixed point.
Proof: ⇒). Consider an element ϕ 0 ∈ E * with the orbit O := {α t (ϕ 0 ) : t ∈ G} being norm-bounded. Set C to be the weak * -closure of the convex hull of O. As O is norm-bounded, C is weak * -compact. Now, Day's fixed point theorem produces a fixed point as required.
By Lemma A.2(a), Φ =μ for a norm-continuous anti-representation µ : G → L(E) and we set π t := µ * t ∈ L(E * ) (t ∈ G). On the other hand, Lemma 3.2(b) allows us to define an affine-linear action γ t (ϕ) := π t (ϕ) + D(θ)(t) (ϕ ∈ E * ; t ∈ G). As π is a weak * -continuous action on E * and D(θ) is weak- * -continuous, we know that the affine-linear action γ is weak * -continuous. Furthermore, the boundedness of θ and Relation (3.6) give
and {D(θ)(t) : t ∈ G} is a bounded subset of E * . Since the subset { π t : t ∈ G} is also bounded (see e.g. Relation (A.1)), we conclude that all orbits of γ are normbounded.
The hypothesis now produces a fixed point ϕ 0 ∈ E * for γ, and it is not hard to check that θ(f ) = ε G (f )ϕ 0 −Φ(f )ϕ 0 . By Lemma 4.4, the Banach algebra L 1 (G) is left amenable and hence G is amenable (by [18, Theorem 4.1 
]).
It was recently shown in [11] that a locally compact σ-compact group G is amenable if and only if every continuous affine-linear action of G on a separable real Hilbert space with a bounded orbit has a fixed point.
Recall that a locally convex space X is quasi-complete if every closed and bounded subset of X is complete. Observe that in this case, the closure of any totally bounded subset of X is compact. Examples of quasi-complete locally convex spaces include all Banach spaces with the norm-topologies and all dual Banach spaces with the weak * -topologies.
We also have the following corollary, which give an analogue of Day's fixed point theorem for compact groups.
Corollary 5.2. The following statements are equivalent for a σ-compact locally compact group G.
(1) G is compact.
(2) Each continuous affine action γ of G on a non-empty closed convex subset C of a quasi-complete locally convex space X has a fixed point (in C). (3) For every non-degenerate bounded anti-representation Φ :
Proof: (1) ⇒ (2). Pick any x ∈ C. As the set {γ t (x) : t ∈ G} is totally bounded, its convex hull C 0 is also totally bounded (see e.g. [25, Theorem 3.24] ), and hence C 0 is compact. Now, Day's fixed point theorem produces a γ-fixed point in C 0 .
(2) ⇒ (3). As in the argument of Proposition 5.1, the map θ induces a weak * -continuous action γ of G on E * by affine-linear maps. Now, this implication follows from the argument of Proposition 5.1 (by taking C = E * ). 
. Thus, the Delorme-Guichardet theorem implies that G has property (T ). On the other hand, the argument of Proposition 5.1 also implies that G is amenable. Consequently, G is compact. (1.4) . Consider the following statements.
(2) There exist a compact subset
Proof: (a) (1) ⇒ (2). Let 1 G ∈ C c (G) be the constant one function, and 
Open questions
The following is one of the motivating questions of this work.
Question 6.1. Can one extend the Delorme-Guichardet theorem to locally compact quantum groups?
Before answering this question, one needs to consider the following. In fact, we do not know the answer for this question even in the case when G is the dual quantum group of a locally compact group. More precisely, in the case of a locally compact group G, we do not know how to define a canonical dense * -subalgebra A 0 (G) of A(G) such that A 0 (G) ∼ = C c ( G) under the Fourier transform, when G is abelian.
In the following, we list some more questions that are related to the results in the paper. A Banach right G-module E is said to be contractive if x · t ≤ x (x ∈ E; t ∈ G). Note that when π : G → L(H) is a norm-continuous unitary representation, the induced Banach right G-module structure on H * is always contractive. In this respect, the following is a natural question arising from Theorem 4.15(b) and Theorem 5.3. Question 6.3. Suppose that G is second countable. Can one describe the topological or analytical property for G under which for any continuous contractive Banach right G-module E, any weak
The above property is closely related to Property (F B ), as introduced in [1, Definition 1.2], for a Banach space B. However, apart from the obvious difference that one considers all Banach spaces instead of a fixed Banach space (as in the case of Property (F B )), the above property concerns with cocycle taking value in the dual Banach spaces instead of the original Banach space.
Another natural question is whether one can remove the σ-compactness from Corollary 5.2 (and hence Theorem 5.3 as well). A related question is the following. Question 6.5. If G is amenable and has property (FH), will G be compact?
The following question is also interesting. Finally, one may also consider the following question.
Question 6.7. Can the left amenability of a semigroup be characterized by affine actions on dual Banach spaces as in Proposition 5.1 (see also [19] and [20] )?
Appendix A. Some known facts This appendix contains three probably well-known results. Since we do not find them explicitly stated in the literature, we give their complete arguments here for the benefit of the reader. The first two results concern with a locally compact group G, and the third one concerns with the analogues of two well-known facts in Banach algebras. Proof: Note that C := {ρ r (f ) : r ∈ K} is a · L 1 (G) -compact subset of L 1 (G). Given ǫ > 0, there exists a finite subset F ⊆ C with dist(g, F ) < ǫ whenever g ∈ C.
For this finite set F , one can find V 0 ∈ U such that for any V ⊆ V 0 , one has h * h V − h L 1 (G) < ǫ (h ∈ F ), and hence g * h V − g L 1 (G) < 3ǫ (g ∈ C). Proof: (a) Fix a U ∈ U and consider the approximate identity {h V } V ∈U(U) as in Section 2. Let s ∈ G and let W be an open neighborhood of s with compact closure. Suppose that f 1 , ..., f n ∈ C c (G) and x 1 , ..., x n ∈ E. If L is the compact set n i=1 W · U · (supp f n ), then the local boundedness of Ψ produces κ > 0 with Ψ(g) ≤ κ g L 1 (G) (g ∈ C L (G)). For any r ∈ W and V ∈ U(U ), we have
which converges to zero uniformly for all r ∈ W . Moreover, as Ψ(λ r (h V )) ≤ κ whenever r ∈ W and V ∈ U(U ), we know that for any x ∈ E, the family of nets Ψ λ r (h V ) x V ∈U(U) is uniformly norm-Cauchy for all r ∈ W (as Ψ is nondegenerate). Thus, Ψ λ r (h V ) x V ∈U(U) norm-converges to an element µ(r)x ∈ E uniformly for r ∈ W . Since µ(r)x ≤ κ x (r ∈ W ; x ∈ E), (A. 1) we know that µ(r) ∈ L(E). Furthermore, as
the norm-density of Ψ(C c (G))E in E implies that µ(r)x does not depend on the choices of U , {h V } V ∈U(U) nor W (so long as W contains r). Since r → Ψ λ r (h V ) x are continuous maps from W to E, for any V ∈ U(U ), and the convergence to µ(r)x is uniform for all r ∈ W , we see that µ is norm-continuous (as s and W are arbitrary). Moreover, Equality (A.2) and the non-degeneracy of Ψ also tell us that µ is a representation of G withμ = Ψ. Suppose that ν : G → L(E) is another norm-continuous representation of G withν = Ψ. For f, g ∈ C c (G) and x ∈ E, one has This implies that ν(r)Ψ(f )x = Ψ(λ r (f ))x = µ(r)Ψ(f )x for all r ∈ G (because of the norm continuity of both ν and µ). Thus, ν = µ (again, thanks to the non-degeneracy of Ψ). (b) By part (a), one can find a norm-continuous representation π : G → L(H) such that Φ =π. Equality (A.2) tells us that for any r ∈ G, f, g ∈ C c (G) and η, ζ ∈ H, one has, π(r −1 )Φ(f )η, Φ(g)ζ = Φ(g * )Φ λ r −1 (f ) η, ζ = Φ (g * * λ r −1 (f ) η, ζ = Φ (λ r (g)) * * f η, ζ = Φ(f )η, π(r)Φ(g)ζ ,
which shows that π(r −1 ) = π(r) * and hence π is a unitary representation.
Lemma A.3. Suppose that B σ is a locally convex algebra. (a) Let ω : B → C be a σ-continuous character. If ker ω has a σ-bounded left (respectively, right) σ-approximate identity {e i } i∈I , then B has a σ-bounded left (respectively, right) σ-approximate identity.
(b) If B has both a σ-bounded left σ-approximate identity {a i } i∈I and a σ-bounded right σ-approximate identity {b i } j∈J , then B has a σ-bounded σ-approximate identity.
Proof: (a) Pick any u ∈ B with ω(u) = 1. Since x − ux ∈ ker ω (respectively, x−xu ∈ ker ω) for any x ∈ B, it is easy to check that {e i −e i u+u} i∈I (respectively, {e i − ue i + u} i∈I ) is a σ-bounded left (respectively, right) σ-approximate identity for B.
(b) For any x ∈ B, if V is a neighbourhood of zero in B, then there are neighbourhoods W 1 , W 2 and W 3 of zero in B satisfying W 1 + W 2 · W 3 ⊆ V . The boundedness of {b j } j∈I implies the existence of N ∈ N with {b j } j∈J ⊆ N W 3 . Moreover, there is i 0 ∈ I such that whenever i ≥ i 0 , one has x − xa i ∈ W 1 ∩ 1 N W 2 , and hence
x − x(a i + b j − a i b j ) ∈ V . Similarly, {a i + b j − a i b j } (i,j)∈I×J is also a left σ-approximate identity.
